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Abstract. In this paper, we prove that for a class of rigid systems the Composition Con-
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1 Introduction
Consider the planar differential system{
x′ = −y + p(x, y),
y′ = x + q(x, y)
(1.1)
where p, q are analytic functions starting with second order terms.
If p and q are polynomials of degree n and yp− xq = 0, the system (1.1) in polar coordi-
nates becomes
dr
dθ
= r2
n−2
∑
i=0
Ai(θ)ri, (1.2)
where Ai(θ) (i = 0, 1, 2, . . . , n− 2) are 2pi-periodic functions. Therefore, the system (1.1) has
a center at (0, 0) if and only if all solutions r(θ) of equation (1.2) near the solution r = 0 are
periodic. In such case it is said that equation (1.2) has a center at r = 0 [15, 20].
If p and q are homogeneous polynomials of degree n, via the Cherkas [9] transformation
equation (1.2) becomes the Abel equation
dρ
dθ
= ρ2(A˜1(θ) + A˜2(θ)ρ), (1.3)
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where A˜i(θ) (i = 1, 2) are 2pi-periodic functions. Thus, finding the center conditions for (1.1)
is equivalent to studying when the Abel equation (1.3) has a center at ρ = 0. This problem has
been investigated in [5, 8, 10, 14, 20] among other works.
The problem of determining necessary and sufficient conditions on p and q for system (1.1)
to have a center at the origin is known as the center-focus problem. Due to the Hilbert’ basis
theorem we know that when p and q are polynomials of a given degree this set of conditions
is finite. To get the necessary and sufficient conditions is very complexity, up to now only for
a very few families of polynomial system (1.1) the center conditions are known. The problem
is solved for quadratic system and some families of cubic systems and systems in the form
of the linear center perturbed by homogeneous quartic and quintic nonlinearities, see e.g.
[1, 4, 9–16, 22] and references given there.
Alwash and Lloyd [6,7] give the following simple sufficient condition for the Abel equation
to have a center.
Theorem 1.1 ([6, 7]). If there exists a differentiable function u of period 2pi such that
A˜1(θ) = u′(θ)Aˇ1(u(θ)), A˜2(θ) = u′(θ)Aˇ2(u(θ))
for some continuous functions Aˇ1 and Aˇ2, then the Abel differential equation (1.3) has a center at the
origin.
The following statement presents a generalization of Theorem 1.1.
Theorem 1.2 ([2, 22]). If there exists a differentiable function u of period 2pi such that
Ai(θ) = u′ Aˆi(u), (i = 1, 2, . . . , n− 2)
for some continuous functions Aˆi (i = 1, 2, . . . , n− 2), then the differential equation (1.2) has a center
at r = 0.
The condition in Theorem 1.1 (or Theorem 1.2) is called the Composition Condition.
When an Abel equation (or (1.2) ) has a center because its coefficients satisfy the composi-
tion condition we will say that this equation has a CC-center. In [7, 18] it was shown that this
condition is not necessary to have a center.
The Composition Conjecture is that the composition condition in Theorem 1.1 (or The-
orem 1.2) is not only the sufficient but also necessary condition for a center. This conjec-
ture first appeared in [6] with classes of coefficients which are polynomial functions in t, or
trigonometric polynomials. A counterexample was presented in [7, 13] to demonstrate that
the conjecture is not true. To find the restrictive conditions under which the composition
conjecture is true, this is an open problem which has attracted during the last years a wide
interest [2–8,10,12,14,17,18,21,22]. The authors in paper [11] give the sufficient and necessary
conditions for the r = 0 of the Abel equation (1.3) to be a CC-center.
The condition ∫ 2pi
0
(∫ θ
0
A˜1(τ)dτ
)k
A˜2(θ)dθ = 0 (k ≥ 0)
is called Moments Condition [10]. In [18] an example of a polynomial Abel equation satisfy-
ing the moments condition and not satisfying the composition condition is given. Later on, in
[17] a full algebraic characterization of the moments condition in the polynomial case is done.
In [10] prove that a natural trigonometric analogous to it does not hold.
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In [21], it was proved that for the rigid system{
x′ = −y + xP,
y′ = x + yP
(1.4)
with P = P1 + Pm, Pm is a homogeneous polynomial of degree m and which is an arbitrary
natural number greater than 1, the composition conjecture is true, i.e., its origin point is a
center and a CC-center, and shown that for its corresponding 2pi-periodic equation
dr
dθ
= r(P1(cos θ, sin θ)r + Pm(cos θ, sin θ)rm),
r = 0 is a center if and only if it satisfies the moments conditions:
∫ 2pi
0
(∫ θ
0
P1(cos τ, sin τ)dτ
)k
Pm(cos θ, sin θ)dθ = 0, (k = 0, 1, 2, . . . , m).
In [1] the authors used the methods of the normal form theory to prove that the rigid
system (1.4) has a center if and only if it is reversible. In [19], the author has calculated by
computer and obtained the center condition for system (1.4) with P = Pm + P2m, m is a finite
number that does not exceed 5.
In this paper, we will study the rigid system{
x′ = −y + x(P1(x, y) + Pm(x, y) + P2m+1(x, y)),
y′ = x + y(P1(x, y) + Pm(x, y) + P2m+1(x, y)),
(1.5)
where Pk(x, y) is a homogeneous polynomial in x, y of degree k and P1 6= 0, m is an arbitrary
positive integer greater than 1, and give the necessary and sufficient conditions for the origin
of (1.5) to be a center. We prove that under some restrictions conditions the composition
conjecture is true for its corresponding periodic differential equation
dr
dθ
= r(P1(cos θ, sin θ)r + Pm(cos θ, sin θ)rm + P2m+1(cos θ, sin θ)r2m+1). (1.6)
By this, we can derive all the focal values of system (1.5) and they contain exactly [m]2 + m + 2
relations. As m is an arbitrary number, in general, even with the help of computers, it is
difficult to get the center conditions. However, in this paper, we have obtained these results
only by using the mathematical analysis technique. We firmly believe that the method of
this paper can be used to solve the center-focus problem of more high-order polynomial
differential systems.
In the following we denote P¯ =
∫ θ
0 P(cos θ, sin θ)dθ; C
k
n =
n!
k!(n−k)! (0 ≤ k ≤ n); Ckn = 0, if
k < 0 or n < 0; ∑i+j=k = 0, if k < 0.
2 Several lemmas
In order to prove the main result, first of all, we give the following lemmas.
Lemma 2.1 ([21]). If P1 6= 0 and for an arbitrary positive integer m,∫ 2pi
0
P¯i1(cos θ, sin θ)Pm(cos θ, sin θ)dθ = 0 (i = 0, 1, 2, . . . , m),
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then
Pm = P1
m
∑
j=1
jλjP¯
j−1
1 , (2.1)
where λj (j = 1, 2, . . . , m) are real numbers.
Lemma 2.2. Suppose that Pm satisfies (2.1) and
h′0 = Pm, h′k = 2P1 ∑
i+j=k−1
P¯i1hj + PmC
m
m+kP¯
k
1 , (k = 1, 2, 3, . . . ) (2.2)
Then
hk =
k
∑
j=0
hjkP¯
k−j
1 P¯
j
1Pm = hˆkP¯
m+k
1 +
k−1
∑
j=0
hˆk jP¯
m+j
1 , (2.3)
where hˆk j (j = 0, 1, 2, . . . , k− 1) are real numbers,
hjk =
2
k− j
k−1
∑
i=j
hji = (k− j + 1)Cjm+j−2, (j = 0, 1, 2, . . . , k− 1), (2.4)
hkk = C
k
m+k −
k−1
∑
j=0
hjk = C
k
m+k−2, (2.5)
hˆk = λm
k
∑
j=0
m
m + j
hjk = λm
k
∑
j=0
m
m + j
(k− j + 1)Cjm+j−2. (2.6)
Proof. By (2.1) we get
P¯m =
∫ θ
0
Pmdθ = λmP¯m1 +
m−1
∑
j=1
λjP¯
j
1, (2.7)
P¯k1 Pm =
∫ θ
0
P1
m
∑
j=1
jλjP¯
j+k−1
1 =
m
k + m
λmP¯m+k1 +
m−1
∑
j=1
j
j + k
λjP¯
j+k
1 , (2.8)
where λj (j = 1, 2, . . . , m) are real numbers.
By (2.2) and (2.7) and (2.8) we get h′0 = Pm,
h0 = P¯m = h00P¯m = hˆ0P¯
m
1 +
m−1
∑
j=1
λjP¯
j
1, h
0
0 = 1, hˆ0 = λmh
0
0 = λm.
h′1 = 2P1h0 + PmC
m
m+1P¯1,
h1 = 2h00P¯1P¯m + (C
1
m+1 − 2h00)P¯1Pm = h01P¯1P¯m + h11P¯1Pm = hˆ1P¯m+11 +
m
∑
j=1
hˆ1 jP¯
j
1,
where hˆ1 j (j = 1, 2, . . . , m) are real numbers,
h01 = 2h
0
0, h
1
1 = C
1
m+1 − h01 = C1m−1, hˆ1 =
(
h01 + h
1
1
m
1+ m
)
λm =
m2 + m + 2
m + 1
λm,
this means that the relations (2.3)–(2.6) are valid for k = 0, 1. Now suppose that these identifies
are valid for integer k, next we will prove they are correct for integer k + 1.
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Indeed, by (2.2)–(2.5) and (2.7) and (2.8) we have
h′k+1 = 2P1 ∑
i+j=k
P¯i1hj + PmC
m
m+k+1P¯
k+1
1
= 2P1
k
∑
j=0
P¯k−j1 P¯
j
1Pm
k
∑
i=j
hji + PmC
m
m+k+1P¯
k+1
1 ,
solving this equation we get
hk+1 =
k+1
∑
j=0
hjk+1P¯
k+1−j
1 P¯
j
1Pm = hˆk+1P¯
m+k+1
1 +
m+k
∑
j=1
hˆk+1 jP¯
j
1,
where hˆk+1 j (j = 1, 2, . . . , m + k) are real numbers,
hˆk+1 = λm
k+1
∑
j=0
m
m + j
hjk+1,
hjk+1 =
2
k + 1− j
k
∑
i=j
hji , (j = 0, 1, 2, ..., k), h
k+1
k+1 = C
k+1
m+k+1 −
k
∑
j=0
hjk+1,
By Lemma 3.2 of [21], we get
hjk+1 = (k− j + 2)Cjm+j−2, hk+1k+1 = Ck+1m+k−1.
By mathematical induction, the present lemma holds.
Similarly, we can prove the following lemma.
Lemma 2.3. If
δ′k = 2P1 ∑
i+j=k−1
P¯i1δj + P2m+1C
2m+1
2m+k+1P¯
k
1 , (2.9)
then
δk =
k
∑
j=0
δ
j
kP¯
k−j
1 P¯
j
1P2m+1, (2.10)
where
δ
j
k =
2
k− j
k−1
∑
i=j
δ
j
i = (k− j + 1)Cj2m+j−1, (j = 0, 1, 2, . . . , k− 1),
δkk = C
2m+1
2m+k+1 −
k−1
∑
j=0
δ
j
k = C
k
2m+k−1, δ
0
0 = 1.
Lemma 2.4. If the conditions of Lemma 2.2 are satisfied and
α′0 = C1m+1Pmh0,
α′k = P1 ∑
i+j=k−1
(hihj + 2P¯i1αj) + 2P1 ∑
i+j=k−1−m
hiαj + PmC1m+1 ∑
i+j=k
Cm−1m+i−1P¯
i
1hj
+ Pm ∑
i+j+l=k−m
C2m+1C
m−2
m+i−2P¯
i
1hjhl + Pm ∑
i+j=k−m
C1m+1C
m−1
m+i−1P¯
i
1αj,
(2.11)
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then
αk = αˆkP¯2m+k1 +
2m+k−1
∑
j=2
αˆk jP¯
j
1, (k = 0, 1, 2, . . . ), (2.12)
where αˆk j, (j = 2, 3, . . . , 2m + k− 1) are real numbers and
αˆ0 =
m + 1
2
λ2m,
αˆk =
1
2m + k
(
∑
i+j=k−1
hˆi hˆj + 2
k−1
∑
j=0
αˆj + 2 ∑
i+j=k−1−m
hˆiαˆj + mλmC1m+1 ∑
i+j=k
Cm−1m+i−1hˆj
+ λmm ∑
i+j+l=k−m
C2m+1C
m−2
m+i−2hˆjhˆl + λmm ∑
i+j=k−m
C1m+1C
m−1
m+i−1αˆj
)
, (k = 1, 2, . . . ).
(2.13)
Proof. Solving equation α′0 = C1m+1Pmh0, by Lemma 2.2 we get
α0 =
1
2
C1m+1h
0
0P¯
2
m = αˆ0P¯
2m
1 +
2m−1
∑
j=2
αˆ0 jP¯
j
1.
where αˆ0 j are real numbers, αˆ0 = 12 C
1
m+1λ
2
m. Thus, the relation (2.12) is valid for k = 0.
Suppose that the conclusion of the present lemma is correct for integer k− 1, next we will
show that they are held for integer k.
Indeed, by Lemma 2.2 and (2.11) we get
α′k = P1P¯
2m+k−1
1
(
∑
i+j=k−1
hˆi hˆj + 2
k−1
∑
j=0
αˆj + 2 ∑
i+j=k−1−m
hˆiαˆj + λmC1mC
1
m+1 ∑
i+j=k
Cm−1m+i−1hˆj
+ λmC1m ∑
i+j+l=k−m
C2m+1C
m−2
m+i−2hˆjhˆl + λmC
1
m ∑
i+j=k−m
C1m+1C
m−1
m+i−1αˆj
)
+ · · ·
which implies that the identities (2.12) and (2.13) are valid. By mathematical induction, the
present lemma holds.
Lemma 2.5. Suppose that hk and δk are the solutions of equations (2.2) and (2.9) respectively, and
β′k = 2P1 ∑
i+j=k−1
(P¯i1β j + hiδj) + PmC
1
m+1 ∑
i+j=k
Cm−1m+i−1P¯
i
1δj
+ P2m+1C12m+2 ∑
i+j=k
C2m2m+i P¯
i
1hj, (k = 0, 1, 2, . . . , m + 1) (2.14)
Then
βk =
k
∑
j=0
(β
j
kP¯
m+k−j
1 P¯
j
1P2m+1 + β
m+j
k P¯
k−j
1 P¯
m+j
1 P2m+1) +
m+k−1
∑
j=0
j
∑
i=0
(βkj i P¯
j−i
1 P¯
i
1P2m+1), (2.15)
where βkj i, (i = 0, 1, 2, . . . , j) are real numbers,
β
j
k = C
j
2m+j−1C
1
m+k−j+1hˆk−j, (j = 0, 1, 2, . . . , k), (2.16)
β
m+j
k = (k− j + 1)βm+jj , βm0 = C1m+1hˆ0, (j = 0, 1, 2, . . . , k− 1), (2.17)
βm+kk =
k
∑
j=0
(C12m+2C
j
2m+j − Cj2m+j−1C1m+k−j+1)hˆk−j −
k−1
∑
j=0
(k− j + 1)βm+jj . (2.18)
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Proof. By (2.14) we get
β′0 = C1m+1Pmδ0 + P2m+1C
1
2m+2h0,
using Lemma 2.2 and Lemma 2.3 we get
h0 = h00P¯m, δ0 = δ
0
0 P¯2m+1, h
0
0 = δ
0
0 = 1,
thus
β′0 = C1m+1Pmδ
0
0 P¯2m+1 + P2m+1C
1
2m+2h
0
0P¯m,
β0 = C1m+1δ
0
0 P¯mP¯2m+1 + (C
1
2m+2h
0
0 − C1m+1h00)P¯mP2m+1
= β00P¯
m
1 P¯2m+1 + β
m
0 P¯m1 P2m+1 +
m−1
∑
j=0
(β0j 0P¯
j
1P¯2m+1 + β00 jP¯
j
1P2m+1),
where β0j 0, β00 j (j = 0, 1, 2, . . . , m− 1) are real numbers,
β00 = λmC
1
m+1δ
0
0 = λmC
1
m+1, β
m
0 = λm(C
1
2m+2h
0
0 − C1m+1δ00) = λmC1m+1.
Therefore, the conclusion of the present lemma is correct for k = 0. Now we suppose that
βn =
n
∑
j=0
(β
j
nP¯
m+n−j
1 P¯
j
1P2m+1 + β
m+j
n P¯
n−j
1 P¯
m+j
1 P2m+1) + · · · (n = 0, 1, 2, . . . , k− 1).
By this and (2.14) we get
β′k = 2P1 ∑
i+j=k−1
j
∑
l=0
(βljP¯
m+k−1−l
1 P¯
l
1P2m+1 + β
m+l
j P¯
k−1−l
1 P¯
m+l
1 P2m+1)
+ 2P1 ∑
i+j=k−1
hˆi
j
∑
l=0
δlj P¯
m+k−1−l
1 P¯
l
1P2m+1 + mλmC
1
m+1 ∑
i+j=k
Cm−1m+i−1
j
∑
l=0
δlj P¯
k−l
1 P¯
l
1P2m+1
+ P2m+1P¯k+m1 C
1
2m+2 ∑
i+j=k
C2m2m+i hˆj + · · · ,
solving this equation we get
βk =
k
∑
j=0
(β
j
kP¯
m+k−j
1 P¯
j
1P2m+1 + β
m+j
k P¯
k−j
1 P¯
m+j
1 P2m+1) +
m+k−1
∑
j=0
j
∑
i=0
(βkj i P¯
j−i
1 P¯
i
1P2m+1),
where βkj i, (i = 0, 1, 2, . . . , j) are real numbers,
β
j
k =
1
m + k− j
(
2
k−j−1
∑
i=0
hˆiδ
j
k−1−i + 2
k−1
∑
i=j
β
j
i + mλmC
1
m+1C
j
2m+j−1C
k−j
m+k−j+1
)
, (2.19)
(j = 0, 1, 2, . . . , k− 1)
βkk = λmC
1
m+1C
k
2m+k−1, (2.20)
β
m+j
k =
2
k− j
k−1
∑
i=j
β
m+j
i , (j = 0, 1, 2, . . . , k− 1), (2.21)
βm+kk = C
1
2m+2 ∑
i+j=k
C2m2m+i hˆj − βkk −
k−1
∑
j=0
(β
j
k + β
m+j
k ). (2.22)
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In order to prove the relations (2.16)–(2.18) are valid, first of all, we use mathematical
induction to show that
2
k
∑
j=0
hˆj + λmmCmm+k+1 = (m + k + 1)hˆk+1 (k = 0, 1, 2, . . . ). (2.23)
Indeed, by (2.6) we get hˆ0 = λm, hˆ1 = λm
(
2+ mm+1 C
1
m−1
)
, thus
2hˆ0 + λmmCmm+1 = λm(2+ mC
1
m+1) = (m + 1)hˆ1,
this means that the relation (2.23) is valid for k = 0. Suppose that the identity (2.23) is valid
for positive integer k, next we will show that
2
k+1
∑
j=0
hˆj + λmmCmm+k+2 = (m + k + 2)hˆk+2. (2.24)
Indeed, from the inductive hypothesis and (2.6) we have
2
k+1
∑
j=0
hˆj = (m + k + 1)hˆk+1 − λmmCmm+k+1 + 2hˆk+1
= λm(m + k + 3)
k+1
∑
j=0
m
m + j
(k + 2− j)Cjm+j−2 − λmmCmm+k+1.
By this and Cjm = C
j−1
m−1 + C
j
m−1, we get
(m + k + 2)hˆk+2 − 2
k+1
∑
j=0
hˆj = (m + k + 2)λm
k+2
∑
j=0
m
m + j
(k + 3− j)Cjm+j−2
− λm(m + k + 3)
k+1
∑
j=0
m
m + j
(k + 2− j)Cjm+j−2 + λmmCmm+k+1
= λmm
k+1
∑
j=0
Cmm+j−2 + λmmC
k+2
m+k + λmmC
m
m+k+1
= λmm
k+2
∑
j=0
Cjm+j−2 + λmmC
k+1
m+k+1 = mλmC
k+2
m+k+2.
Thus the identity (2.24) is correct. By mathematical induction, the identity (2.23) is valid.
Now, we prove that the relation (2.16) is correct. Indeed, by (2.19) and (2.20) we get
β00 = λmC
1
m+1 = C
1
m+1hˆ0,
and
β01 =
1
m + 1
(2hˆ0 + 2β0 + λmmCm+1C1m+2)
=
1
m + 1
C1m+2(2+ mCm+1) = C
1
m+2hˆ1,
and
β11 = λmC
1
2mC
1
m+1 = C
1
2mC
1
m+1hˆ0.
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Thus, the identity (2.16) is correct for k = 0, 1. Suppose that (2.16) is valid for natural numbers
less than or equal to k, next we will prove that (2.16) holds for k + 1.
In fact, by (2.19) and (2.23) and Lemma 2.4 we get
β
j
k+1 =
1
m + k + 1− j
(
2
k−j
∑
i=0
hˆiδ
j
k−i + 2
k
∑
i=j
β
j
i + mλmC
1
m+1C
j
2m+j−1C
k−j+1
m+k−j+2
)
=
1
m + k + 1− j C
j
2m+j−1C
1
k+m−j+2
(
2
k−j
∑
i=0
hˆi + λmmCmm+k+1−j
)
= Cj2m+j−1C
1
k+m−j+2hˆk−j+1.
So, by mathematical induction the identity (2.16) is correct.
Now we prove that the identity (2.17) is correct.
As βm0 = C
1
m+1λm, by (2.21) we get β
m
1 = 2β
m
0 , thus, the relation (2.17) is correct for k = 1.
Suppose that
β
m+j
k−1 = (k− j)βm+jj , (j = 0, 1, 2, . . . , k− 2),
by this and (2.21) we get
β
m+j
k =
2
k− j
k−1
∑
i=j
β
m+j
i =
2
k− j
k−1
∑
i=j
(i− j + 1)βm+jj = (k− j + 1)βm+jj .
Therefore, the identity (2.17) is valid.
Substituting (2.16) and (2.17) into (2.22) implies that the identity (2.18) holds.
In summary, the conclusions of the present lemma is correct.
Lemma 2.6. If λm ≥ 0 and m ≥ 2, then
βm+kk ≥ 0, (k = 0, 1, 2, . . . , m + 1). (2.25)
Proof. As λm ≥ 0, by (2.6) we get
hˆk = λm
k
∑
j=0
m
m + j
(k− j + 1)Cjm+j−2 ≥ 0, (k = 0, 1, 2, . . . , m + 1).
Using (2.17) we get
βm0 = C
1
m+1hˆ0 = λmC
1
m+1 ≥ 0.
By this and using (2.18) we have
β1+m1 = C
1
mhˆ1 + Cm+1C
1
2m+2hˆ0 − 2βm0 = C1mhˆ1 + C1mC12m+2hˆ0 ≥ 0.
Thus the inequality (2.25) is valid for k = 0 and k = 1. Now we suppose that inequality (2.25)
holds for natural numbers less than k, i.e., βi+mi ≥ 0, (i = 0, 1, 2, . . . , k− 1). Next we will show
that βk+mk ≥ 0.
Indeed, by (2.18) we get
βk−1+mk−1 =
k−1
∑
j=0
(C12m+2C
j−1
2m+j−1 + C
j
2m+j−1C
1
m+2+j−k)hˆk−1−j −
k−2
∑
j=0
(k− j)βm+jj
=
k
∑
j=1
(C12m+2C
j−2
2m+j−2 + C
j−1
2m+j−2C
1
m+1+j−k)hˆk−j −
k−2
∑
j=0
(k− j)βm+jj .
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By this and (2.18) we get
βk+mk = C
1
m+1−k hˆk +
k
∑
j=1
(C12m+2C
j−1
2m+j−1 + C
j
2m+j−1C
1
m+1+j−k)hˆk−j −
k−2
∑
j=0
(k− j)βm+jj − 2βk−1+mk−1
=
k−2
∑
j=0
(k− 1− j)βj+mj + C1m+1−k hˆk + (C12m+2 + C1m+2−kC12m−2)hˆk−1
+
k
∑
j=2
(
1
j− 1C
1
2m+2C
j−2
2m+j−2C
1
2m−j+1 +
1
j
C1m+1+j−kC
j−1
2m+j−2C
1
2m−1−j
)
hˆk−j, (2.26)
as βi+mi ≥ 0 (i = 0, 1, 2, . . . , k − 2) and hˆi > 0 (i = 0, 1, 2, . . . , m + 1) and m ≥ 2, then
βk+mk ≥ 0 holds. Thus, by mathematical induction, the present lemma is valid. The proof is
complete.
Lemma 2.7. Suppose that hk and δk are the solutions of equations (2.2) and (2.9) respectively, αk and
βk are the solutions of equations (2.11) and (2.14) respectively and
β˜′1 = C
1
m+1Pmβ0 + PmC
1
m+1C
1
mh0δ0 + P2m+1(C
2
2m+2h
2
0 + C
1
2m+2α0), (2.27)
β˜′2 = 2P1(h0β0 + α0δ0 + β˜1) + PmC1m+1
(
∑
i+j=1
Cm−1m+i−1P¯
i
1β j + C
1
m ∑
i+j+l=1
Cm−2m+i−2P¯
i
1hjδl
)
+ P2m+1
(
∑
i+j+l=1
C22m+2C
2m−1
2m+i−1P¯
i
1hjhl + C
1
2m+2 ∑
i+j=1
C2m2m+i P¯
i
1αj + C
1
2m+2δ0
)
. (2.28)
Then
β˜1 = β˜
0
1P¯
2m
1 P¯2m+1 + β˜
m
1 P¯
m
1 P¯m1 P2m+1 + β˜
2m
1 P¯2m1 P2m+1 + · · · , (2.29)
β˜2 = β˜
0
2P¯
2m+1
1 P¯2m+1 + β˜
1
2P¯
2m
1 P¯1P2m+1 + β˜
m
2 P¯
m+1
1 P¯
m
1 P2m+1
+ β˜m+12 P¯
m
1 P¯
m+1
1 P2m+1 + β˜
2m
2 P¯1P¯2m1 P2m+1 + β˜
2m+1
2 P¯
2m+1
1 P2m+1 + C
1
m+1P¯
2
2m+1 + · · · , (2.30)
where
β˜01 =
λ2m
2
C1m+1C
1
2m+1, β˜
m
1 = λ
2
m(C
1
m+1)
2, β˜2m1 =
λ2m
2
C1m+1C
1
2m+1,
β˜02 =
1
2m + 1
λ2mC
1
m+1(4m
3 + 4m2 + 6m + 4), β˜12 = λ
2
mmC
1
m+1C
1
2m+1,
β˜m+12 = λ
2
mm(3m
2 + 5m + 4), β˜m2 = λ
2
m(m
3 + 3m2 + 4m + 4), β˜2m2 = 2β˜
2m
1
β˜2m+12 = 4mλ
2
m(m
2 + m + 1).
(2.31)
Proof. By Lemmas 2.2–2.5, and substituting (2.3) and (2.10) and (2.12) and (2.15) into the
equations (2.27) and (2.28) and solving them we get (2.29) and (2.30) and in which
β˜01 =
λm
2
C1m+1(β
0
0 + mλm), β˜
m
1 = λmC
1
m+1β
m
0 ,
β˜2m1 = λ
2
m(m + 1)(3m + 2)−
λm
2
C1m+1(β
0
0 + mλm + 2β
m
0 ).
β˜02 =
1
2m+1
(2hˆ0β00+2αˆ0+2β˜
0
1+λmC
1
mC
1
m+1(β
0
1+mβ
0
0)+λmmC
1
mC
1
m+1(hˆ1+ hˆ0δ
0
1+C
1
m−1hˆ0))
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β˜12 =
λm
2
C1m+1(β
1
1 + C
1
mhˆ0δ
1
1),
β˜m+12 = λmC
1
m+1β
m+1
1 ,
β˜m2 =
λm
m + 1
(2βm0 + C
1
mC
1
m+1β
m
1 + C
1
m+1m
2βm0 + 2β˜
m
1 ), β˜
2m
2 = 2β˜
2m
1 ,
β˜2m+12 = C
2
2m+2(2hˆ0hˆ1 + C
1
2mhˆ
2
0) + C
1
2m+2(αˆ1 + C
1
2m+1αˆ0)− β˜02 − β˜12 − β˜m2 − β˜1+m2 − β˜2m2 .
By Lemma 2.2–2.5 and simple calculation we can obtain the present conclusions.
3 Main theorem
Consider 2pi-periodic equation
dr
dθ
= r(P1(cos θ, sin θ)r + Pm(cos θ, sin θ)rm + P2m+1(cos θ, sin θ)r2m+1), (3.1)
where Pk(cos θ, sin θ) is homogeneous polynomial in cos θ, sin θ of degree k and P1 6= 0. In the
case of m = 1 [21] I have studied its center-focus problem and proved that for this equation
the composition conjecture is correct. In the following we only consider integer m > 1.
Theorem 3.1. Suppose that δm+km+k + β
m+k
k 6= 0 (0 ≤ k ≤ m − 1) and m + k is an odd number,
δ2m+12m+1 + β
2m+1
m+1 + β˜
2m+1
2 6= 0. Then r = 0 is a center of (3.1), if and only if∫ 2pi
0
P¯i1Pmdθ = 0, (i = 0, 1, 2, . . . , m),
∫ 2pi
0
P¯2j+11 P2m+1dθ = 0, (j = 0, 1, 2, . . . , m). (3.2)
Moreover, this center is a CC-center. Where the expressions of δjk and β
j
k and β˜
j
k are given in Lemma 2.3,
Lemma 2.5 and Lemma 2.7, respectively.
Proof.
Necessity:
Let r(θ, c) be the solution of (3.1) such that r(0, c) = c (0 < c 1). We write
r(θ, c) = c
∞
∑
n=0
an(θ)cn,
where a0(0) = 1 and an(0) = 0 for n > 1. The origin of (3.1) is a center if and only if
r(θ + 2pi, c) = r(θ, c), i.e., a0(2pi) = 1, an(2pi) = 0 (n = 1, 2, 3, . . . ) [5, 6].
Substituting r(θ, c) into (3.1) we obtain
∞
∑
n=0
a′n(θ)cn = cP1(θ)
(
∞
∑
n=0
an(θ)cn
)2
+ cmPm
(
∞
∑
n=0
an(θ)cn
)m+1
+ c2m+1P2m+1(θ)
(
∞
∑
n=0
an(θ)cn
)2m+2
. (3.3)
Equating the corresponding coefficients of cn of (3.3) yields
a′0(θ) = 0, a0(0) = 1,
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a′k = P1 ∑
i+j=k−1
aiaj, ak(0) = 0, (k = 1, 2, . . . , m− 1),
solving these equations we get
a0 = 1, ak = P¯k1 , (k = 1, 2, . . . , m− 1).
a′m+k = P1 ∑
i+j=m+k−1
aiaj + Pm ∑
i1+i2+···+im+1=k
ai1 ai2 . . . aim+1 , am+k(0) = 0, (k = 0, 1, 2, . . . , m− 1),
by these equations we have
am+k = P¯m+k1 + hk, (k = 0, 1, 2, . . . , m− 1), (3.4)
where
h′k = 2P1 ∑
i+j=k−1
P¯i1hj + PmC
m
m+kP¯
k
1 ,
by Lemma 2.2, we get
hk =
k
∑
j=0
hjkP¯
k−j
1 P¯
j
1Pm, (k = 0, 1, 2, . . . , m− 1),
in which
hjk = (k− j + 1)Cjm+j−2, (j = 0, 1, 2, . . . , k− 1), hkk = Ckm+k−2.
Using (3.3) we have
a′2m = P1
(
2mP¯2m−11 + 2 ∑
i+j=m−1
P¯i1hj
)
+ Pm(Cm2mP¯
m
1 + C
1
m+1h0),
solving this equation we get
a2m = P¯2m1 + hm + α0, (3.5)
where
hm =
m
∑
j=0
hjmP¯
m−j
1 P¯
j
1Pm, α0 =
m + 1
2
P¯2m,
hjm = (m− j + 1)Cjm+j−2, (j = 0, 1, 2, . . . , m− 1), hmm = Cm2m−2.
As Ckm+k−1 6= 0 (k = 0, 1, 2, . . . , m), thus, by (3.4) and (3.5) from am+k(2pi) = 0, (k =
0, 1, 2, . . . , m) follow that ∫ 2pi
0
P¯k1 Pmdθ = 0, (k = 0, 1, 2, . . . , m). (3.6)
By Lemma 2.1 we get
Pm = P1
m
∑
i=1
iλi P¯i−11 , (3.7)
therefore,
P¯m = λmP¯m1 +
m−1
∑
i=1
λi P¯i1, P¯
j
1Pm =
mλm
m + j
+
m−1
∑
i=1
i
i + j
P¯m+j1 , (3.8)
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where λi (i = 1, 2, . . . , m) are real numbers. By this we obtain
hk = hˆkP¯m+k1 +
k−1
∑
j=1
hˆk jP¯
m+j
1 , hˆk = λm
k
∑
j=0
m
m + j
hjk, (k = 0, 1, 2, . . . , m), (3.9)
where hˆk j (j = 1, 2, . . . , k− 1) are real numbers.
α0 = αˆ0P¯2m1 +
2m−1
∑
j=2
αˆ0 jP¯
j
1, αˆ0 =
m + 1
2
λ2m, (3.10)
where αˆ0 j (j = 2, 3, . . . , 2m− 1) are real numbers.
Denote
f =
∞
∑
i=0
ai(θ)ci = g + cmh + αc2m + δc2m+1 + βc3m+1,
where
g =
∞
∑
i=0
P¯i1c
i, h =
∞
∑
i=0
hici, α =
∞
∑
i=0
αici, δ =
∞
∑
i=0
δici, β =
∞
∑
i=0
βici.
Thus,
f 2 = g2 + 2ghcm + (h2 + 2gα)c2m + 2gδc2m+1
+ 2hαc3m + 2(gβ+ hα)c3m+1 + α2c4m + 2(hβ+ αδ)c4m+1 + · · · , (3.11)
f m+1 = gm+1 + C1m+1g
mhcm + (C2m+1g
m−1h2 + C1m+1g
mα)c2m + C1m+1g
mδc2m+1
+ (C3m+1g
m−2h3 + C1m+1C
1
mg
m−1hα)c3m + C1m+1(g
mβ+ C1mg
m−1hδ)c3m+1
+ (C4m+1g
m−3h4 + C1m+1C
2
mg
m−2h2α+ C2m+1g
m−1α2)c4m + · · · , (3.12)
f 2m+2 = g2m+2 + C12m+2g
2m+1hcm + (C22m+2g
2mh2 + C12m+2g
2m+1α)c2m
+ C12m+2δg
2m+1c2m+1 + · · · , (3.13)
where
gm =
∞
∑
i=0
Cm−1m+i−1P¯
i
1c
i, (m = 1, 2, 3, . . . ), (3.14)
g2 =
∞
∑
i=0
(i + 1)P¯i1c
i, g2m+2 =
∞
∑
i=0
C2m+12m+1+i P¯
i
1c
i. (3.15)
Using (3.3) and (3.11)–(3.15), for 0 ≤ k ≤ m− 1, we have
a′2m+1+k = P1
(
(2m + 1+ k)P¯2m+k1 + 2 ∑
i+j=m+k
P¯i1hj + ∑
i+j=k
(hihj + 2P¯i1αj) + 2 ∑
i+j=k−1
P¯i1δj
)
+ Pm
(
Cm2m+k+1P¯
m+k+1
1 + C
1
m+1 ∑
i+j=k+1
Cm−1m+i−1P¯
i
1hj
)
+ Pm ∑
i+j=k−m+1
(
C2m+1C
m−2
m+i−2P¯
i
1 ∑
i1+i2=j
hi1 hi2 + C
1
m+1C
m−1
m+i−1P¯
i
1αj
)
+ P2m+1C2m+12m+k+1P¯
k
1 ,
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solving this equation we get
a2m+1+k = P¯2m+k+11 + hm+k+1 + αk+1 + δk, (k = 0, 1, 2, . . . , m− 1), (3.16)
where hm+k+1 is the solution of equation (2.2), in which m + k + 1 taking the place of k, δk is
the solution of equation (2.9), αk+1 is the solution of equation (2.11), in which k + 1 taking the
place of k. Thus, by Lemma 2.2, Lemma 2.3 and Lemma 2.4 we get
hm+k+1 =
m+k+1
∑
j=0
hjm+k+1P¯
m+k+1−j
1 P¯
j
1Pm = hˆm+k+1P¯
2m+k+1
1 + · · · , (3.17)
where
hjm+k+1 =
2
m + k + 1− j
m+k
∑
i=j
hji = (m + k− j)Cjm+j−2, (i = 0, 1, 2, . . . , m + k),
hm+k+1m+k+1 = C
m
2m+k+1 −
m+k
∑
j=0
hjm+k+1 = C
m−2
2m+k−1, hˆm+k+1 = λm
m+k+1
∑
j=0
m
m + j
hjm+k+1.
αk+1 = αˆk+1P¯2m+k+11 + · · · (3.18)
αˆk+1 =
λ2m
2m + k + 1
(
∑
i+j=k
hˆi hˆj + 2
k
∑
j=0
αˆj
+ C1mC
2
m+1 ∑
i+j+l=k−m+1
Cm−2m+i−2hˆjhˆl + C
1
mC
1
m+1 ∑
i+j=k−m+1
Cm−1m+i−1αˆj
)
.
δk =
k
∑
j=0
δ
j
kP¯
k−j
1 P¯
j
1P2m+1, (3.19)
δ
j
k =
2
k− j
k−1
∑
i=j
δ
j
i = (k− j + 1)Cj2m+j−1, (j = 0, 1, 2, . . . , k− 1),
δkk = C
2m+1
2m+k+1 −
k−1
∑
j=0
δ
j
k = C
k
2m+k−1.
By (3.17) and (3.18) we see that hm+k+1 and αk+1 are polynomials on P¯1 of degree 2m +
k + 1, so they are 2pi-periodic functions. As δkk = C
k
2m+k−1 6= 0, so from (3.16) we see that if
a2m+1+k(2pi) = 0 then
∫ 2pi
0
P¯k1 P2m+1dθ = 0, (k = 0, 1, 2, . . . , m− 1). (3.20)
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Using (3.3) and (3.11)–(3.15), for 0 ≤ k ≤ m− 2, we have
a′3m+k+1 = P1((3m + k + 1)P¯
3m+k
1 + 2 ∑
i+j=2m+k
P¯i1hj + ∑
i+j=m+k
(hihj + 2P¯i1αj)
+ 2 ∑
i+j=m+k−1
P¯i1δj + 2 ∑
i+j=k
hiαj + 2 ∑
i+j=k−1
(P¯i1β j + hiδj))
+ Pm
(
Cm3m+k+1P¯
2m+k+1
1 + C
1
m+1 ∑
i+j=m+k+1
Cm−1m+i−1P¯
i
1hj + C
2
m+1 ∑
i+j+l=k+1
Cm−2m+i−2P¯
i
1hjhl
+ C1m+1 ∑
i+j=k+1
Cm−1m+i−1P¯
i
1αj + C
1
m+1 ∑
i+j=k
Cm−1m+i−1P¯
i
1δj
)
+ P2m+1(C2m+13m+k+1P¯
m+k
1 + C
1
2m+2 ∑
i+j=k
C2m2m+i P¯
i
1hj),
solving this equation we get
a3m+k+1 = P¯3m+k+11 + h2m+k+1 + αm+k+1 + δm+k + βk, (3.21)
where h2m+k+1 is the solution of equation (2.2), in which 2m+ k+ 1 taking the place of k, δm+k
is the solution of equation (2.9), in which m + k taking place of k, αm+k+1 is the solution of
equation (2.11), in which m + k + 1 taking the place of k, βk is the solution of the equation
(2.14). Thus, by Lemma 2.2, Lemma 2.3 and Lemma 2.4 and Lemma 2.5 we get
h2m+k+1 =
2m+k+1
∑
j=0
hj2m+k+1P¯
2m+k+1−j
1 P¯
j
1Pm = hˆ2m+k+1P¯
3m+k+1
1 + · · · , (3.22)
where
hj2m+k+1 =
2
2m + k + 1− j
2m+k
∑
i=j
hji = (2m + k + 2− j)Cjm+j−2, (i = 0, 1, 2, . . . , 2m + k),
h2m+k+12m+k+1 = C
m
3m+k+1 −
2m+k
∑
j=0
hj2m+k+1 = C
2m+k+1
3m+k−1 ,
hˆ2m+k+1 = λm
2m+k+1
∑
j=0
m
m + j
hj2m+k+1.
αm+k+1 = αˆm+k+1P¯3m+k+11 + · · · , (3.23)
αˆm+k+1 =
λ2m
3m + k + 1
(
∑
i+j=m+k
hˆi hˆj + 2
m+k
∑
j=0
αˆj + 2 ∑
i+j=k
hˆiαˆj + C1mC
2
m+1 ∑
i+j+l=k+1
Cm−2m+i−2hˆjhˆl
+ C1mC
1
m+1
(
∑
i+j=k+1
Cm−1m+i−1αˆj + ∑
i+j=m+k+1
Cm−1m+i−1hˆj
))
.
δm+k =
m+k
∑
j=0
δ
j
m+kP¯
m+k−j
1 P¯
j
1P2m+1, (3.24)
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δ
j
m+k =
2
m + k− j
m+k−1
∑
i=j
δ
j
i = (m + k− j + 1)Cj2m+j−1, (j = 0, 1, 2, . . . , m + k− 1),
δm+km+k = C
2m+1
3m+k+1 −
m+k−1
∑
j=0
δ
j
k = C
m+k
3m+k−1, δ
0
0 = 1.
βk =
k
∑
j=0
β
j
kP¯
m+k−j
1 P¯
j
1P2m+1 + β
m+j
k P¯
k−j
1 P¯
m+j
1 P2m+1 + · · · , (3.25)
where
β
j
k =
1
m + k− j
(
2
k−j−1
∑
j=0
hˆjδ
j
k−1−j + 2
k−1
∑
i=j
β
j
i + mλmC
1
m+1C
j
2m+j−1C
k−j
m+k−j+1
)
,
j = (0, 1, 2, . . . , k− 2),
βk−1k =
1
m + 1
(2hˆ0δk−1k−1 + 2β
k−1
k−1 + mλmC
1
m+1C
1
m+2C
k−1
2m+k−2),
βkk = λmC
1
m+1C
k
2m+k−1,
β
m+j
k =
2
k− j
k−1
∑
i=j
β
m+j
i , (j = 0, 1, 2, . . . ., k− 1),
βm+kk = C
1
2m+2 ∑
i+j=k
C2m2m+i hˆj − βkk −
k−1
∑
j=0
(β
j
k + β
m+j
k ).
By (3.22) and (3.23) we see that h2m+k+1 and αm+k+1 are polynomials on P¯1 of degree 3m+ k+ 1,
so they are 2pi−periodic functions, by (3.21) and (3.24) and (3.25) we see that if a3m+1+k(2pi) =
0, then
(δm+km+k + β
m+k
k )
∫ 2pi
0
P¯m+k1 P2m+1dθ = 0, (k = 0, 1, 2, . . . , m− 2).
If m + k is an even integer, then P¯m+k1 P2m+1 is an odd polynomial function in cos θ, sin θ, so∫ 2pi
0 P¯
m+k
1 P2m+1dθ = 0. When m+ k is an odd integer, by the hypothesis, δ
m+k
m+k + β
m+k
k 6= 0, then∫ 2pi
0
P¯m+k1 P2m+1dθ = 0, (k = 0, 1, 2, . . . , m− 2). (3.26)
For 0 ≤ k ≤ 2, using (3.3) and (3.11)–(3.15) we get
a′4m+k = P1
(
(4m + k)P¯4m+k−11 + 2 ∑
i+j=3m+k−1
P¯i1hj + ∑
i+j=2m+k−1
(hihj + 2P¯i1αj) + 2 ∑
i+j=2m+k−2
P¯i1δj
+ 2 ∑
i+j=m+k−1
hiαj + 2 ∑
i+j=m+k−2
(P¯i1β j + hiδj) + ∑
i+j=k−1
αiαj + 2 ∑
i+j=k−2
(hiβ j + αiδj)
)
+ Pm
(
Cm4m+kP¯
3m+k
1 + C
1
m+1 ∑
i+j=2m+k
Cm−1m+i−1P¯
i
1hj + C
2
m+1 ∑
i+j+l=m+k
Cm−2m+i−2P¯
i
1hjhl
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+ C1m+1 ∑
i+j=m+k
Cm−1m+i−1P¯
i
1αj + C
1
m+1 ∑
i+j=m+k−1
Cm−1m+i−1P¯
i
1δj + C
3
m+1 ∑
i+j+r+s=k
Cm−3m+i−3P¯
i
1hjhrhs
+C1m+1C
1
m ∑
i+j+l=k
Cm−2m+i−2P¯
i
1hjαl+C
1
m+1 ∑
i+j=k−1
Cm−1m+i−1P¯
i
1β j + C
1
m+1C
1
m ∑
i+j+l=k−1
Cm−2m+i−2P¯
i
1hjδl
)
+ P2m+1
(
C2m+14m+k P¯
2m+k−1
1 + C
1
2m+2 ∑
i+j=m+k−1
C2m2m+kP¯
i
1hj + ∑
i+j+l=k−1
C22m+2C
2m−1
2m+i−1P¯
i
1hjhl
+ C12m+2 ∑
i+j=k−1
C2m2m+i P¯
i
1αj + C
1
2m+2 ∑
i+j=k−2
C2m2m+i P¯
i
1δj
)
,
solving this equation we get
a4m+k = P¯4m+k1 + h3m+k + α2m+k + α˜k + δ2m+k−1 + βm+k−1 + β˜k, (k = 0, 1, 2), (3.27)
where
h′3m+k = 2P1 ∑
i+j=3m+k−1
P¯i1hj + PmC
m
4m+kP¯
3m+k
1 ,
by Lemma 2.2 we obtain
h3m+k =
3m+k
∑
j=0
hj3m+kP¯
3m+k−j
1 P¯
j
1Pm = hˆ3m+kP¯
4m+k
1 +
4m+k−1
∑
j=1
hˆ3m+k jP¯
j
1, (3.28)
in which hˆ3m+k j (j = 1, 2, . . . , 4m + k− 1) are real numbers,
hj3m+k =
2
3m + k− j
3m+k−1
∑
i=j
hji = (3m + k− j + 1)Cjm+j−2, (j = 0, 1, 2, . . . , 3m + k− 1),
h3m+k3m+k = C
m−1
4m+k−1 −
3m+k−1
∑
j=0
hj3m+k = C
3m+k
4m+k−2, hˆ3m+k = λm
3m+k
∑
j=0
m
m + j
hj3m+k.
α′2m+k = P1 ∑
i+j=2m+k−1
(hihj + 2P¯i1αj) + 2P1 ∑
i+j=m+k−1
hiαj + PmC1m+1 ∑
i+j=2m+k
Cm−1m+i−1P¯
i
1hj
+ PmC2m+1 ∑
i+j+l=m+k
Cm−2m+i−2P¯
i
1hjhl + PmC
1
m+1 ∑
i+j=m+k
Cm−1m+i−1P¯
i
1αj,
by Lemma 2.4 we have
α2m+k = αˆ2m+kP¯4m+k1 +
4m+k−1
∑
j=0
αˆ2m+k jP¯
j
1,
where αˆ2m+k j (j = 0, 1, 2, . . . , 2m + k− 1) are real numbers, αˆ2m+k is expressed by (2.13) with
taking the place of k by 2m + k.
α˜′k = P1 ∑
i+j=k−1
αiαj + PmC3m+1 ∑
i+j+r+s=k
Cm−3m+i−3P¯
i
1hjhrhs + PmC
1
m+1C
1
m ∑
i+j+l=k
Cm−2m+i−2P¯
i
1hjαl ,
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substituting (2.3) and (2.12) into it and solving this equation we get α˜k = ˆ˜αkP¯4m+k1 + · · · ,
ˆ˜αk =
1
4m + k ∑i+j=k−1
αˆiαˆj + mλmC3m+1 ∑
i+j+r+s=k
Cm−3m+i−3hˆjhˆr hˆs + mλmC
1
m+1C
1
m ∑
i+j+l=k
Cm−2m+i−2hˆjαˆl .
Thus,
α2m+k + α˜k = (αˆ2m+k + ˆ˜αk)P¯4m+k1 + · · · , (k = 0, 1, 2). (3.29)
δ′2m+k−1 = 2P1 ∑
i+j=2m+k−2
P¯i1δj + P2m+1C
2m+1
4m+k P¯
2m+k−1
1 ,
by Lemma 2.3 we obtain
δ2m+k−1 =
2m+k−1
∑
j=0
δ
j
2m+k−1P¯
2m+k−1−j
1 P¯
j
1P2m+1, (3.30)
δ
j
2m+k−1 = (2m + k− j)Cj2m+j−1, δ2m+k−12m+k−1 = C2m+k−14m+k−2 .
β′m+k−1 = 2P1 ∑
i+j=m+k−2
(P¯i1β j + hiδj)
+ PmC1m+1 ∑
i+j=m+k−1
Cm−1m+i−1P¯
i
1δj + P2m+1C
1
2m+2 ∑
i+j=m+k−1
C2m2m+i P¯
i
1hj,
by Lemma 2.5, we get
βm+k−1 =
m+k−1
∑
j=0
β
j
m+k−1P¯
2m+k−1−j
1 P¯
j
1P2m+1 + β
m+j
m+k−1P¯
m+k−j−1
1 P¯
m+j
1 P2m+1 + · · · , (3.31)
βm =
m
∑
j=0
β
j
mP¯
2m−j
1 P¯
j
1P2m+1 + β
m+j
m P¯
m−j
1 P¯
m+j
1 P2m+1 + · · · ,
βm+1 =
m+1
∑
j=0
β
j
m+1P¯
2m+1−j
1 P¯
j
1P2m+1 + β
m+j
m+1P¯
m+1−j
1 P¯
m+j
1 P2m+1 + · · · ,
where βjm+k−1 (j = 0, 1, 2, . . . , m + k− 1) are expressed by (2.16)–(2.18).
β˜′k = 2P1 ∑
i+j=k−2
(hiβ j + αiδj) + C1m+1Pm ∑
i+j=k−1
Cm−1m+i−1P¯
i
1β j
+ PmC1m+1C
1
m ∑
i+j+l=k−1
Cm−2m+i−2P¯
i
1hjδl + P2m+1
(
∑
i+j+l=k−1
C22m+2C
2m−1
2m+i−1P¯
i
1hjhl
+ C12m+2 ∑
i+j=k−1
C2m2m+i P¯
i
1αj + C
1
2m+2 ∑
i+j=k−2
C2m2m+i P¯
i
1δj
)
, (k = 0, 1, 2),
from this and Lemma 2.7 we get
β˜0 = 0,
β˜1 = β˜
0
1P¯
2m
1 P¯2m+1 + β˜
m
1 P¯
m
1 P¯m1 P2m+1 + β˜
2m
1 P¯2m1 P2m+1 + · · · , (3.32)
β˜2 = β˜
0
2P¯
2m+1
1 P¯2m+1 + β˜
1
2P¯
2m
1 P¯1P2m+1 + β˜
m
2 P¯
m+1
1 P¯
m
1 P2m+1
+ β˜m+12 P¯
m
1 P¯
m+1
1 P2m+1 + β˜
2m+1
2 P¯
2m+1
1 P2m+1 + C
1
m+1P¯
2
2m+1 + · · · , (3.33)
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By (3.28) and (3.29) we see that h3m+k and α2m+k + α˜k are polynomials on P¯1 of degree
4m + k, so they are 2pi-periodic functions. By (2.31) and (3.28) and (3.31) and (3.32) and (3.33)
and (3.20) and (3.26) we see that from a4m(2pi) = 0 implies
(δ2m−12m−1 + β
2m−1
m−1 )
∫ 2pi
0
P¯2m−11 P2m+1dθ = 0, (3.34)
by the hypothesis, δ2m−12m−1 + β
2m−1
m−1 6= 0, thus, from (3.34) we get∫ 2pi
0
P¯2m−11 P2m+1dθ = 0. (3.35)
From a4m+2(2pi) = 0 follows
(δ2m+12m+1 + β
2m+1
m+1 + β˜
m+1
2 )
∫ 2pi
0
P¯2m+11 P2m+1dθ = 0, (3.36)
as δ2m+12m+1 + β
2m+1
m+1 + β˜
m+1
2 6= 0, from (3.36) we get∫ 2pi
0
P¯2m+11 P2m+1 = 0. (3.37)
In summary, by (3.6) and (3.20) and (3.26) and (3.35) and (3.37), the condition (3.2) is
necessary for the origin to be a center of equation (3.1).
Sufficiency.
Now, we show that the condition (3.2) is also sufficient center condition.
By Lemma 2.1 and (3.2) we have
Pm = P1
m
∑
j=1
jλjP¯
j−1
1 , P2m+1 = P1
2m
∑
j=0
µjP¯
j
1.
where λj, µj are real numbers. Thus by Theorem 1.2, the r = 0 is a center of (3.1), moreover
this center is CC-center, i.e, under condition of present theorem the composition conjecture is
valid for equation (3.1).
In summary, Theorem 3.1 has been proved.
Remark 3.2. By Theorem 3.1, we can derive all the focal quantity formulas of system (1.5)
with arbitrary m and they contain exactly [m]2 +m+ 2 relations (3.2) and they are more concise
and beautiful than the results calculated by computer.
Corollary 3.3. If m > 1 and λm ≥ 0, then the r = 0 is a center of (3.1), if and only if the Moments
Conditions:∫ 2pi
0
P¯i1Pmdθ = 0, (i = 0, 1, 2, . . . , m),
∫ 2pi
0
P¯2j+11 P2m+1dθ = 0, (j = 0, 1, 2, . . . , m).
are satisfied.
Proof. By Lemma 2.3 we see δkk > 0, from Lemma 2.6 follows that β
m+k
k ≥ 0, using Lemma 2.7
we have β˜2m+12 ≥ 0, so, δm+km+k + βm+kk 6= 0 (0 ≤ k ≤ m− 1) and δ2m+12m+1 + β2m+1m+1 + β˜2m+12 6= 0, by
Theorem3.1 the conclusion of the present corollary is true.
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Consider equation
r′ = r(P1r + P2r2 + P5r5), (3.38)
where Pk = ∑i+j=k pij cosi θ sin
j θ, (k = 1, 2, 5) and P1 6= 0 and pij are real numbers.
In (2.6) taking m = 2, we get
hˆ0 = λ2, hˆ1 =
8
3
λ2, hˆ2 =
29
6
λ2,
by [21], λ2 =
−p20
2p10 p01
(if p10 p01 6= 0) or λ2 = p112(p210−p201) (if p
2
10 − p201 6= 0). In Lemma 2.3, taking
m = 2, k = 3, k = 5 we obtain
δ33 = 20, δ
5
5 = 56.
In (2.26) taking m = 2, k = 1, 2, 3, we get
β20 = 3λ2, β
3
1 =
52
3
λ2, β42 =
117
2
λ2, β53 =
452
3
λ2, β˜52 = 56λ
2
2.
Theorem 3.1 implies the following corollary.
Corollary 3.4 ([23]). If (5 + 133 λ2)(14 +
113
3 λ2 + 14λ
2
2) 6= 0 , then the r = 0 is a center of (3.38) if
and only if, ∫ 2pi
0
P¯2i1 P2dθ = 0, (i = 0, 1),
∫ 2pi
0
P¯2j+11 P5dθ = 0, (j = 0, 1, 2), (3.39)
where λ2 =
−p20
2p10 p01
(if p10 p01 6= 0) or λ2 = p112(p210−p201) (if p
2
10 − p201 6= 0).
Remark 3.5. By Corollary 3.4 follows that if (5+ 133 λ2)(14+
113
3 λ2 + 14λ
2
2) 6= 0 , then system{
x′ = −y + x(∑i+j=1 pijxiyj +∑i+j=2 pijxiyj +∑i+j=5 pijxiyj),
y′ = x + y(∑i+j=1 pijxiyj +∑i+j=2 pijxiyj +∑i+j=5 pijxiyj)
has a center at (0, 0), if and only if its five focal values are equal to zero, i.e.,
p20 + p02 = 0,
p20(p201 − p210)− p11 p10 p01 = 0,
p01(5p50 + p32 + p14)− p10(5p05 + p23 + p41) = 0,
p310(p23 + 10p05)− 3p210 p01(2p14 + p32) + 3p10 p201(p23 + 2p41)− p301(p32 + 10p50) = 0,
p50 p501 − p41 p401 p10 + p32 p301 p210 − p23 p201 p310 + p14 p01 p410 − p05 p510 = 0.
Taking p10 = p01 = 1, p20 = −2, p11 = 0, p02 = 2, p50 = p05 = a, p41 = p14 = b,
p23 = p32 = c, λ2 = 1, the above conditions are satisfied, from Remark 3.5 we get the following
example.
Example 3.6. Differential system{
x′ = −y + x(x + y− 2x2 + 2y2 + ax5 + bx4y + cx3y2 + cx2y3 + bxy4 + ay5),
y′ = x + y(x + y− 2x2 + 2y2 + ax5 + bx4y + cx3y2 + cx2y3 + bxy4 + ay5)
has a CC-center at (0, 0). Here a, b, c are arbitrary numbers.
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